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equations with interior delay 
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Abstract. In this paper wc consider a boundary stabilization problem for the wave equa- 
tion with interior delay. Wc prove an exponential stability result under sonic Lions geometric 
condition. The proof of the main result is based on an identity with multipliers that allows to 
P I ' obtain a uniform decay estimate for a suitable Lyapunov functional. 
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1 Introduction 

> 

Lj. ■ We study the boundary stabilization of a wave equation in an open bounded domain Q of 

l/~) . M", n > 2. We denote by dQ the boundary of O and we assume that 90 = roUFi, where 

CN I To, Fi are closed subsets of dO, with Fq n Fi = 0. Moreover we assume measFg > 0. 

lO ' The system is given by : 

O " 



uu{x, t) — Au{x, t) + aut{x, t — t) = 0, 
u{x,t) = 0, 



X ' ^^{x,t) = -kut{x,t), 



X en, 


t>0. 


(1.1) 


xGTo 


t>0 


(1.2) 


xeTi 


t>0 


(1.3) 


X en, 




(1.4) 


X en. 


te (-T,o), 


(1.5) 



u{x, 0) = ^0(3:), ut{x, 0) = ui{x), 
ut{x,t) = g{x,t), 

where v stands for the unit normal vector of dn pointing towards the exterior of n and 
^ is the normal derivative. Moreover, the constant r > is the time delay, a and k 
are two positive numbers and the initial data are taken in suitable spaces. 

Denoting by m the standard multiplier, that is 771(3;) = x — xq, we assume 

m{x) ■ v{x) < 0, X e Fq, and m{x) ■ v{x) > 5 > 0, x eVi . (1.6) 
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Delay effects arise in many applications and practical problems and it is well-known 
that an arbitrarily small delay may destabilize a system which is uniformly asymptoti- 
cally stable in absence of delay (see e.g. El El S] ) . 

The exponential stability of ()l.ip - ()1.5p with a = has been studied in [2] where it 
has been shown that the system is exponentially stable if Fi satisfies some geometric 
condition (BLR). Moreover, if r = 0, that is in absence of delay, the above problem for 
any a > is exponentially stable even if A: = (see e.g. [12], [7]). On the contrary, in 
presence of a delay term there are instability phenomena. In fact, as shown in [9], it is 
possible to find for the above problem in the case A; = a sequence {Tk}k of delays with 
Tfc — 7- for which the corresponding solutions u^ have an increasing energy. 

In [9] in order to contrast the destabilizing effect of the time delay a "good" (not 
delayed) damping term is introduced in (II. 1|) . More precisely the problem considered 
in [9] is 

utt{x, t) — Au{x, t) + aut{x, t — t) + aoUt{x, t) = 0, x £ Q, t > 0, (1.7) 

u{x,t) = 0, xGTo, t > (1.8) 

du 

-K-{x,t) = 0, xGTi, t>0. (1.9) 

with ao,a > and initial data in suitable spaces. If ao > a, it was shown in [9] that 
system ()1.7|) - (ll.9p is uniformly exponentially stable, see also [HllIllIO] for related results. 

In this paper the idea is to contrast the effect of the time delay by using the 
dissipative boundary feedback (jl.3p (i.e., by giving the control in the feedback form 
—kut{x,t), X E Fi, t > 0). We will show that if the condition (II. 6p is satisfied (ge- 
ometric Lions condition), then for any A: > system (jl.ip - ljl.Sp is exponentially stable 
for a sufficiently small. 

Let A = —A be the unbounded operator in if = L'^{Q) with domain 

f du ^ 

H, = ViA) = |n G H\n), u^ro = 0, ^^^^ = o| . 

We define by 

B G C{L^{n);L'^{n)), Bu = B*u = y/au.'iu G L^{^), 

and 

C G C{L^{Ti)-H^i), Cu = VkA^iNu, Vu G L^{Ti), 

C*w = Vkw\r, , Vu; G P(^^) = Hi, 

' 2 

where H-i = (D(A))' (the duality is in the sense of H), yl_i is the extension of A to 
H, namely for all h £ H and (p G T^{A), A^ih is the unique element in if_i such that 
(see for instance [TT] ) 

{A^ih;ip)H_i~Hi = / hAipdx. 



Here and below N G C{L'^(Ti);L'^{n)), \f v G ^^(ri), Nv is the unique solution 
(transposition solution) of 

dw 
Aw = 0, uiiro = 0, -- =v. 
' ou |ri 

Setting z{t, 9) = u{t+6), 6 £ (— r, 0), the evolution equation (jl.ip - (jl.5p is equivalent 
to 

u{t) + Au{t) + CC*u{t) + BB*z{t,-T) = 0, t>0, (1.10) 

z{t,9)-zg{t,e) = 0,e£{-T,0), t>0, (1.11) 

z{t,0)=u{t), i>0, (1.12) 

u{0) = u'^, u{0) = n\ ^(0,6*) = g{e), 9 G (-t,0), (1.13) 

where zg = dgz and g £ L'^{—t, 0; Hi). 

To study the well-posedness of the system (J1.10p - (|1.13p . we write it as an abstract 
Cauchy problem in a product space, and use the semigroup approach. For this purpose, 
take the Hilbert space Ti := Hi xHxL'^(—t, 0; Hi) and the unbounded linear operator 

2 
Ul \ I U2 

Ad : V{Ad) cn^n,Ad{ U2 = -Aui - CC*U2 - BB*z{-t) I , (1.14) 

^ Z J \ dgz 

where 

V{Ad) := \{ui,U2,z) eHixHix H\-t,0;Hi), (1.15) 

L 2 2 2 

Aui + CC*U2 + BB*z{-t) e H, z{0) = U2} . 

Proposition 1.1. 1. The operator (Ad, T^i Ad)) generates a strongly continuous semi- 
group {T{t))t>o on U. 

2. The system (jl.ip - (jl.5p is well-posed. More precisely, for every {u^,u^,g) £ Ti, 

the function w given by the first component of T{t) i u^ \ is the mild solution 

\ 9 / 

of pTT |) - (fT3]) . In particular, for {v?,u'^,g) G V{Ad), the problem (fTTO]) - ([113]) 
admits a unique classical solution 

(n, V, z) G C([0, +00), P(^d)) n Ci([0, +00), 7^), 

and thus the problem (|l.ip - (jl.5p admits a unique classical solution 

u G C^([-r, +00), ii'i ) n C2([0, +00), if). 

For any regular solution of problem ()l.ip - ()1.5p we define the energy 

Bit) := Es{t) + ^ [ [ ul{x, s)dxds 
^ Jt~T Jn 



= - {\Vu{x,t)\'^ + uf{x,t)}dx + - uf{x,s)dxds, (1.16) 

where .^ is a strictly positive real number. 

The main result of this paper is the following. 
Theorem 1.2. For any k > there exist positive constants ao,Ci,C2 such that 

E{t) < Cie-^2i^(o), (1.17) 

for any regular solution of problem (jl.l|) - (jl.5p with < a < oq. The constants ao, Ci, C2 
are independent of the initial data but they depend on k and on the geometry of Q. 

The opposite problem, that is to contrast the effect of a time delay in the boundary 
condition with a velocity term in the wave equation, is still, as far as we know, open 
and it seems to be much harder to deal with. This will be the object of a future 
research. However, there is a positive answer by Datko, Lagnese and Polls [l] in the one 
dimensional case for the problem 

utt{x, t) - Uxx{x, t) + 2aut{x, t) + a^u{x, t) = 0, < x <1, t > 0, (1-18) 

u(0,t) = 0, t>0 (1.19) 

Uxil,t) = -kut{l,t-T), t > 0; (1.20) 

(1.21) 

with a, k positive real numbers. Indeed, through a careful spectral analysis, in [3] the 
authors have shown that, for any a > 0, if A; satisfies 

1 - e~2a 
0<^<T^^^' (1.22) 

then the spectrum of the system (|1.18|) - (|1.2U|) lies in Reco < — /3, where /3 is a positive 
constant depending on the delay r. 

The paper is organized as follows. The second section deals with the well-posedness 
of the problem while, in the last section, we prove the exponential stability of the delayed 
system p.ip - (|1.5p by introducing a suitable Lyapunov functional. 

2 Wellposedness 

For the well-posedness of the equivalent equations (jl.ip - (jl.5p and ()1.10p - (|1.13p . we 

show that the operator {Ad,'D{Ad)) defined by (J1.14p - (|1.15p generates a contraction 

semigroup on the Hilbert space V. := Hi x H x L'^(—t, 0: Hi). 

2 2 

We introduce in Ti the new inner product 




ui,vi)jj^+{u2,V2)h + ^ [ {B*ziie),B*Z2{9))L2^n)dO, 

1. J —T 



{ 

where ^ is a strictly positive constant. 

It can be easily seen that Ti endowed with this inner product is a Hilbert space, and 
its associated norm is equivalent to the canonical norm of Ti . 



Proof, (of Proposition II. ip 

We show that there exists a positive constant c such that Ad — cl is dissipative. Let 

V I G V^Ad), then by the Cauchy-Schwarz inequahty we have 

(4:) il))^{ih- '''-'''''-'')■{:. 



< C*v,C*v >L2(r,) - < B*z{-t),B*v >L2^a) 



< B*z{-t),B*v >^2(f,) -||C7*7;||i2(rO + ^ \\B*v\\i2^^) 



<(4 + f)l|i?**(o)- 
Since i?* is bounded from L^(il) into itself, we deduce that there exists c > such that 

Ad\ V J , V J \ < c||7;||22(^). 

This shows that Ad — cl is dissipative. 

Next, we show that {XI — Ad) is surjective for some A > 0. 

/\ fu 

Given a vector I g G ^, we need u I G 'D{Ad) such that 



h 



(XI-Ad) I ^ j = I 5 



This is equivalent to 



\u-v = f, (2.1) 

Au + {X + CC*)v + BB*z{-T)=g, (2.2) 

Xz - dgz = h. (2.3) 
The function z G H^{—t, 0; Hi) given by 

z(0) = e^%+ / e^(^-")/i(a)(ia 



is a solution to the equation (3) and verifies z(0) = v. By replacing v from (j2.1|) and z 
in the equation (j2.2p we are reduced to find u G D{A) solution of 

{)?I + A + X{CC* + BB*e-^^)\u = k (2.4) 



with 



k = g+(\ + CC* + e-^^BB*] f + SB* / e"^(^+'")/i((j)d(T. 



We now solve the equation ()2.4p . Assuming that u G D{A) exists and is a solution of 
(j2.4p . then we have 



'(A2/ + ^ + A(CC* + BB*e-^^))u,C) = {k,C)yC^Hi 

or equivalently 

A(n,C) = (A:,C),VCG^i, (2.5) 

2 

where 

A{u, C) := A2 (n, C) + (^A^u, ah) + A((C*u, C*C) + e-^" (5*u, B*C))- 

Since A is a bilinear coercive form on Hi, the Lax-Milgram lemma leads to the 

2 

existence and uniqueness of a solution u G Hi to ()2.5p . Some integrations by parts 

2 __— _ 

allow to show that u G -D(j4) and is indeed solution of equation (j2.4p . Consequently, 

(A/ — ^(i) is surjective and therefore {XI — {Ad — cl)) is also surjective. The density 

of ^{Ad) is clear. Finally, the Lumer-Phillips theorem leads to the fact that Ad — cl 

generates a strongly continuous semigroup of contraction in Ti, hence Ad generates a 

strongly continuous semigroup mTi. D 

It is easy to see that if u : [— r, oo) — > Hi is a classical solution of (jl.ip ^ ijl.Sp . then 

2 

(n, u, u{t + -)) is the classical solution of the equation ()1.10p - (|1.13p . The first assertion of 
Pr op osition 1 1 . 1 1 provides the converse result and then the well-posedness of the evolution 
equation (frT]) - pr5]) . 

The well-posedness part follows from the first assertion of Proposition II. 1[ 

3 Proof of Theorem [lH 

Proposition 3.1. For any solution of problem (jj.ip — (jj.jp the following estimate holds: 



E'{t)<^^ / u]{x,t)dx + ^^ / uf{x,t-T)dx-k / Ut{x,t)dr . (3.1) 

Proof. Differentiating (]1.16p we obtain 

E'{t) = I {Vu{t)Vut{t) + ut{t)uu{t)}dx + I / ul{t)dx - I / u^t{t - T)dx, 
Jn '^ Jo. ^ Jn 



and then, integrating by parts and using (jl.ip . (jl.2p . (jl.3p . 



E'{t) = -a / ut{t)ut{t-T)dx-k I uf{t)dT + - / uf{t)dx-- I uj{t-T)dx. (3.2) 



f7 



f7 



f7 



Applying Cauchy-Schwarz's inequality in (j3.2p we obtain (j3.ip . 



D 



Proposition 3.2. For any regular solution of problem (j J. jp — (j j.jp and for every e > 0, 
we /laiie 






I /[2m • Vn + (n - l)n]uj(ix f ^ " / ""? (*)c^^ ~ (^ ~ I^^^^O / l^^(*)l^^^ 



+ 



(I 



2a / (m • Vu{t))ut{t — T)dx — (n — l)a / u{t)ut{t — T)dx 
n Jq 

2 2 (n-l)2x 2^ II 1 f 2.,^,p 

?n||ooT H ^ )k + ||m||oo / Ut{t)dr, 



(3.3) 

where C{P) is a sort of Poincare constant, which is a positive constant depending on il 
and independent of the solution u. 



Proof. Differentiating and integrating by parts we obtain 



d 
di 



\ / [2m • Vn + (n - l)u]utdx \ = - j {uj + \Vu\'^]dx - 2a / (m • V 



u)ut{t — T)dx 



-{n - l)a / u{t)ut{t - T)dx + {m ■ v){ui - \Vu\^)dT 
In „ Jr 



f du f du 

+2 / (m • Vu)—dr + (n - 1) / u—dT . 

Now, since n = on Tq and m • z^ < on Fq, from ()3.4p we deduce 



(3.4) 



d_ 
di 



\ [2m ■ Vu + (n - l)u]utdx \ < - {ut + |Vn|^}(ix 
[Jn J Jn 



-2a / {m ■ \7u)ut{t — T)dx — {n — l)a I u{t)ut{t — T)dx + ||m,||oo / u^dT 



-6 [ |Vupdr + 2 [ {m-Vu)^dT + {n-l) [ u^dV . 
Jri Jri ov Jy^ du 



where we have used also m • z/ > 5 on Fi. 
We can estimate 



2/ (m-Vu)—dr<- |VnP(ir + 2^ 
W du -2 7^' ' 



m 



du 



du 



dr 



'2-- - oll'"lloo^2 / ^2^t^dY. 



\VurdT + 2^ 



(3.5) 



(3.6) 



Moreover, 



(n-1) / u^dT<'- f u'dT + (" - '^" [ f^Vdr 



< -C{P) I \Vu\^dx+ ^''~^^ k^ I ul{t)dT, 
2 Jn 2e Jn 



(3.7) 



where we have used trace inequahty and Poincare's theorem. 

Substituting (|3.6|) and (|3.7p in (|3.5p . we obtain the estimate (|3.3p . D 

Remark 3.3. In the above proposition C{P) is the smallest positive constant such that 

I ^'^[x)dT < C{P) I \V^{x)\^dx, V 99 G ^r„(fi) • 
Corollary 3.4. For any regular solution of l\l.l\i — (|i.5p 



— <^ / [2?n • Vn + (?i - l)u\utdx > < - 



Ui {t)dx 



(l - '-C{P) - a\\m\\l - ^{n - lfCo{P)) / \Vu{t)\'dx (3.8) 



, ,,2 2 (n-l)2N" 2 „ „ 
2e / 



.2 



«i(t)dr, 



2 Jfi 
where (Co(-P))"'^'^ is i/ie so-called Poincare constant. 

Proof. We apply Cauchy-Schwarz's inequality to the integral in the second line of 

Now, let us introduce the functional S{t) := /^ J^_^ e^~^u^{x, s)dsdx. 
We can easily estimate 



S'{t)= / uf{t)dx- / e"' ul{t - T)dx - / / e''~\l{x,s)dsdx 

< / Ui{t)dx — e~'^ j Ui{t — T)dx — e~^ / / Ui{x,s)dsdx . 
Jn Jn Jn Jt-r 



D 



(3.9) 



Let us introduce the Lyapunov functional 

S{t) := E{t) + 71 / [2m ■ Vu + (n - l)u\utdx + 725(t), (3.10) 

Jn 

where 71,72 are suitable positive small constants that will be precised later on. 

Note that £{t) is equivalent to the energy E[t) if 71 is small enough. In particular, 
there exists a positive constant Ci and suitable positive constants ai,a2 such that 

aiE{t)<8{t)<a2E{t), V0<7i, 72<Ci. (3.11) 



(3.13) 



Proposition 3.5. For every k > there exist ao,ci,C2 such that for any solution of 
problem (j J. jp — l\1.5\} with < a < ag we have 

8{t) < cie~"2i^(o), t > 0. (3.12) 

The constants ao,ci,C2 are independent of the initial data but they depend on k and on 
the geometry of il.. 

Proof. Differentiating the Lyapunov functional £ and using tlie propositions above we 
deduce 

£'{t)< i — 71+72) / uf{x,t)dx -j2e~'^ / / u'f{x,s)dsdx 

+ (— ^ h -071-726"^! / uf{x,t-T)dx 

-71 (1 - ^C{P) - a\\m\\l -\{n- \fC^{P)) J^ \Vuit)\'dx 

r ,2 /„ „2 2 {n-i)^\ „ „ ,1 /■ 2. N , 

+ <^ik M|m||^-H — — 1 +7i|r||oo -fc W Ut{x,t)dx. 

For a fixed A; > we want to chose £,71,72 < Ci and a sufficiently small in order to 
obtain 

£'{t) < -cE{t). (3.14) 

Applying the second inequality of (j3.1ip estimate (j3.12p easily follows. 

To show that (I3.13P implies ()3.14p we simply need that 

— 71 + 72 < 0, 

a — F 3 

-^ ^ ^aji - 726"^ < 0, 

1 - '-C{P) - a\\m\\l - ^{n - lfCo{P) > 0, 

2 (n-1 )^ 
'~5 2e 



7iA;2 I ||,7T,||^Z + ''" ^^' ] +7i||?n||oo - k<0. 
These conditions are equivalent to 



^— <7i-72, (3.15) 

« (^ + ^71) - I < 72e-^ (3.16) 

a{\\m\\l + i(n - l)2Co(P)) < 1 - '-C{P), (3.17) 



71 



t.-MI l|2 2 , (n-l)% , „ 

k \\\m\\ooT-\ )+ Halloo 



A; < 0. (3.18) 



For any k > this last condition is satisfied for 71 sufficiently small (once e is fixed, see 
below). It then remains to the conditions (13.15P to (j3.17p . For the first one, we need to 
assume that 71 > 72, while for ()3.17p we need to fix e small enough such that 

1_£C(P)>0. (3.19) 



Then we now fix 71,72 and e fulfilling the above requirements and look at (j3.15p to 
(j3.17p as conditions on a and ^. These conditions are simply linear constraints and a 
simple analysis shows that the set of pairs (a, ^) fulfilling these constraints is not empty 
(see Figure 1). 




(I3T5D 



Figure 1 

According to this figure, it is clear that for a and S, small enough, (j3.15p to (|3.17p 



10 



are valid. Note further that due to (j3.18p if k goes to oo or to 0, then 71 must tend to 
zero, and therefore 72 as weh and the maximal value oq of a goes to zero. D 

From Proposition 13.51 and the energy equivalence p. lip we deduce estimate (J1.17p . 

Remark 3.6. We can make explicit the relation between k and oq by choosing the 
constants £,, 71, 72 in the definitions (J1.16p . (jS.lOp of the energy E{-) and of the Lyapunov 
functional £{■) in such a way that conditions (j3.15p - (|3.18p are satisfied. Moreover, we 
need to fix e > in the estimate (|3.3p such that (j3.19p holds. For instance, fix 



1 



^ = 2a. 



C{P) 
Now, choose 

„ ) V-ll •■"IICXJ I ^UV^ / I ^/ ,...,.., I ll""IIOO i- 



71 = min {i, (2||m||oo + C^{P) + l)-\k{e(\\m\\1-^ + i!i-lLc(P)) + ||m|U) '} 



and 72 = ^ . 

The choice of 71 < (2||m||oo + Co{P) + 1)"""^ ensures the equivalence between the 
energy E{-) and the Lyapunov functional £{■)■ Moreover, with the above choices of 71 
and 72 conditions (j3.16p and (j3.18p are satisfied for any a > 0. 

The remaing conditions are satisfied for all < a < aq, with 

ao = min {|, ^{\\m\\l + \{n - lfC,{P)r'], 
that is 
ao = minji, ^(2||m||oo + C^{P) + 1)~\ ^(fc'(||m||L^ + ^"^ ~ ^^ C{P)) + ||m||, 



\{\\m\\lo 



+ l{n-lfCo{P))-'} 



Note that ao depends only on the geometry of the domain O and on k. Moreover, observe 
that ao — ?• if A; — )• and, also, if /c — )• +00. This is in agreement with the result of [1] 
(cfr. ([OZD). 
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